In this letter we address the issue that whether the topological number of a static Hamiltonian can be measured from a dynamical quench process. We focus on a two-band Chern insulator in twodimension, for instance, the Haldane model, whose quantum state is a pseudo-spin on the Bloch sphere. The dynamical process is described by a mapping from the [kx, ky, t] space to the Bloch sphere, characterized by the Hopf invariant. We show that, taking any two constant vectors on the Bloch sphere, the linking number of their inverse images of this mapping (i.e. two trajectories in the [kx, ky, t] space) exactly equals to the Chern number of the static Hamiltonian. Applying this result to a recent experiment from Hamburg group, we show that it is not the appearance of the phase vortices, but the linking number of the trajectories of these phase vortices that determines the phase boundary of the static Hamiltonian.
Recently cold atom experiments have realized a number of topological models including the Hofstadter model [1] [2] [3] , the Haldane (and the Haldane-type) model [4, 5] , the Su-Schrieffer-Heeger model [6] and its Thouless charge pumping [7] [8] [9] . One major advantage of studying topological models in the context of cold atom systems, in comparison with its condensed matter counterpart, is that the experimental investigation of the dynamic processes is more easily accessible. For example, considering non-interacting fermions initially in a topologically trivial insulator state of the initial Hamiltonian H i , we shall focus on a sudden quench to a final Hamiltonian H f , whose ground state is a topologically nontrivial insulator (e.g. a Chern insulator) at the same filling, and the question is whether the change of the topological number can be revealed from measuring the dynamical process after the quench. In fact, such a quench experiment has been performed recently in a Haldane-type model with cold atoms by the Hamburg group [10] . Using a momentum resolved quantum state tomography method [11] [12] [13] , they can map out the evolution of the wave function as time evolves after the quench.
At equilibrium, for a Chern insulator, it is known that the bulk Chern number, the number of edge states and the quantization value of the Hall conductance are equal, which is termed as " the bulk-edge correspondence ". While for the non-equilibrium process after the quench, there is no such clear relations between them. First of all, because the time evolution after the quench is unitary, the Chern number of the quantum state does not change and does not reflect the topological number of the final Hamiltonian [14] . Nevertheless, the edge state gradually emerges [14, 15] . Second, without dephasing, the Hall response will not be well quantized for either a slow or a sudden quench [16, 17] . While it is also found that the Hall conductance can become finite even after quenching to a topologically trivial final Hamiltonian [18] .
In this letter we present a scheme to extract a quantized value from the dynamical process after the quench, and this quantized value is exactly the same as the topological Chern number of the final Hamiltonian H f . This scheme can be directly applied to analyze the recent experiment from Hamburg group (Ref. [10] ) and to determine the phase diagram from their data.
Summary of the Scheme. Before proceeding to details, let us briefly summarize our scheme as follows:
Let us consider a general two-band tight-binding model in two-dimension, and at each momentum, the Hamiltonian can be written as
where σ = (σ x , σ y , σ z ) is a vector of the Pauli matrices. Thus, the eigen-energies of the Hamiltonian are ±|h(k)|/2, corresponding to the upper-and the lowerbands, respectively. We further consider at each k, |h(k)| is always non-zero, and the system is an insulator at half filling. The two-component wave function is denoted by ζ(k).
Physically, the quench process considered here corresponds to a sudden change of h(k) from a topologically trivial according to the final Hamiltonian as
and by introducing a Bloch vector
Eq. 2 and Eq. 3 together define a mapping f from [k x , k y , t] to the Bloch sphere n. The Scheme: Taking any two constant vectors n 1 and n 2 on the Bloch sphere, their inverse images f −1 (n 1 ) and f −1 (n 2 ) are two trajectories in the [k x , k y , t] space. The linking number of these two trajectories within the first Brillouin zone equals to the Chern number of the ground state for the final Hamiltonian at the same filling.
Example to Illustrate the Scheme. As a concrete example to illustrate our proposal, we consider the Haldane model in a honeycomb lattice [see Fig. 1 (a)]. The particle annihilation operators at two sublattices of the honeycomb lattices are denoted byâ ri andb ri . The tightbinding model is written aŝ
where
1)a 0 are the three vectors connecting the nearest neighboring sites; and a 1,2 = (− √ 3/2, ±3/2)a 0 and a 3 = ( √ 3, 0)a 0 are the three vectors connecting the next nearest neighboring sites, with a 0 being the lattice spacing. The next nearest hopping has phase factor that is opposite between A and B sublattices. In the momentum space, Eq. 4 becomeŝ
and aside from a term proportional to the identity matrix, H(k) takes the same form as Eq. 1 with
The phase diagram of this Haldane model at half filling (with the lower-band filled) is shown in Fig. 1(b) , where two topologically nontrivial regimes have the Chern numbers +1 and −1, respectively. Here we consider a sudden change of M and φ from the topologically trivial regime to the topologically nontrivial regime, as indicated by the arrow in Fig. 1(b) .
In Fig. 2 we show two sets of examples. In Fig. 2(a-b) , we consider the inverse image of two vectors n and −n on the equator. One can see that if H f is in the topologically trivial regime, as shown in Fig. 2(a) , f −1 (n) sets inside the trajectory of f −1 (−n), and the linking number is zero; while if H f is in the topologically nontrivial regime, as shown in Fig. 2(b) , these two trajectories link three times. This is because, to avoid the discontinuity of the trajectory across the boundary of the first Brillouin zone, our plot spans the momentum regime including three replicas of the first Brillouin zone. Within the first Brillouin zone, the linking number is unity that equals to the Chern number of H f . Similarly, we consider the inverse images of the north and the south pole. As shown in Fig. 2(c-d) , the inverse image of the north pole is a straight line in the K and K points. While the inverse image of the south pole does not enclose the K or K point if H f is in the topologically trivial regime [ Fig.  2(c) ], giving rise to linking number zero; and it encloses three equivalent K or K point when H f is topologically nontrivial [ Fig. 2(d) ], giving rise to linking number unity within the first Brillouin zone.
Here we should put a remark of how to determine the sign of the linking number. First of all, we note that each trajectory actually has a direction, defining as the direction of J with [19] 
with the indices taking k x , k y and t. Thus, when two trajectories link and one trajectory crosses through a surface enclosed by another trajectory, if the direction of the trajectory is the same as the normal direction of the surface (determined by the right hand rule), we denote the linking number as +1 [24] , otherwise we denote the linking number as −1. Hence, both cases shown in Fig. 2(b) and (d) have a linking number +1, consistent with the Chern number of H f in the phase diagram Fig. 1(b) . We have also checked that, if the Chern number of the H f changes sign, the linking number defined in this way also changes sign.
Mathematical Proof of the Results. The general proof follows following three steps:
Step 1: From Eq. 2 and Eq. 3, one can see that at each k, for t = 0 and t = 2π/|h f (k)|, n always points to the north pole. Hence, they can be identified as one point. The mapping f from [k x , k y , t] to the Bloch sphere is thus a mapping from T 3 (three dimensional torus) to S 2 , which is classified as Z for the situation considered here [20] . The topological number is the Hopf invariant, and mathematically, it also equals to the linking number of two inverse images f −1 [24] . This number is invariant under continuous deformation of the mapping f .
Step 2: Now we decompose the mapping f as f 1 •f 2 , as shown in Fig. 3 .
f with the definition of h f (k) (e.g. Eq. 6-8), which is classified by the Chern number C. f 2 maps [h f , t] to n with Eq. 2 and Eq. 3. If f 1 is a topologically trivial map, it can be continuously deformed into a mapping that all k points are mapped to the same vector. Thus, [h f , t] forms an S 1 . Then f 2 becomes a mapping from S 1 to S 2 that is always topologically trivial. Thus, f is a topologically trivial map.
In this step we focus on the case that f 1 is a topologically nontrivial map with non-zero Chern number C, we will show that one can construct a class of mapping f such that the linking number of two inverse images of f ) we divide the first Brillouin zone into |C| patches and we construct a mapping f 1 such that the boundary of each patch is mapped to the north pole of the Bloch sphere for h f , and therefore, different patches can be smoothly connected.
We can stretch each patch into a compactified twodimensional plane and parametrize this plane with polar coordinate r and ϕ. For the convenience of computing the Hopf invariant, we can construct h f as h f = (cos ϕ sin(f (r)), sin ϕ sin(f (r)), cos(f (r))), (10) where ϕ changes between zero and 2π, and r changes between zero and infinity, with f (0) = π and f (∞) = 0. Writing J µ = µνλ ∂ ν B λ , the Hopf invariant is given by [19] 
With Eq. 2, 3, 9 and this parametrization, it is straightforward to show that
with i being the two directions in the two-dimensional plane. Eq. (12) and Eq. 13 further give
Substituting Eq. 12-15 into Eq. 11, one can obtain H = 1 for this case. Thus, f 2 is a topologically nontrivial Hopf map. It is proved mathematically that the Hopf invariant equals to the linking number of the inverse images in S 3 of two different n's on S 2 [24] , thus, the linking number of f −1 2 equals unity. Furthermore, since there is a oneto-one correspondence between each patch in the first Brillouin zone and h f , thus, for the mapping constructed in this way, the linking number of the inverse mapping f −1 equals C. Moreover, if the Chern number changes the sign, it corresponds to change f (0) = 0 and f (∞) = π in the parametrization, and one obtains H = −1 for f 2 . Consequently, the linking number also changes sign.
Step 3: The three conditions used in the Step 2 can be released by continuously deforming the mapping, which does not change the linking number. For (i), as long as the system is gapped, i.e. |h f | is finite everywhere, the length of |h f | can always be continuously adjusted to |h f | = 1. For (ii), as long as the initial wave function is in the same topologically nontrivial regime, it can be obtained by a continuous transformation of a uniform state as ζ i (k) = U(k)ζ 0 , where U(k) is smooth function of k and smoothly connects to the identity matrix.
Hence, it does not change the linking number. Finally, continuously deforming f 1 also does not change the linking number, which releases the condition (iii). Therefore, we prove our results for a general situation.
Application to Hamburg Experiment. Finally, we discuss applying our theory to resolve a discrepancy and to improve the understanding of the recent experiment from the Hamburg group [10] . In this experiment, a Haldanelike model is realized by shaking a honeycomb lattice [4, 11, [25] [26] [27] . The initial state is prepared with all n pointing around the north pole, and they quench the system by turning on shaking. Using the method of momentum resolved quantum state tomography [11] , they are able to measure the wave function in the pseudo-spin
. They focus on the vortex of the phase ϕ k in the momentum space. They find that the first type of the phase vortices are naturally located in the K and Γ points and their locations do not evolve with time, where n always points to the north pole; while the second type of phase vortices locate at certain momenta, at which n rotates to the south pole, and this type of vortices can be pair-wisely created and annihilated in the momentum space, tracing a trajectory in the [k x , k y , t] space.
In Ref. [10] , they use the appearance of the second type of phase vortex as criterion to determine what they call a "dynamical phase transition". However, they find that the phase diagram determined in this way is much wider than the expected topological regime for the static Hamiltonian. With the results we obtained here, we show that the proper criterion to determine the topological regime of the static Hamiltonian is not the appearance of the second type of phase vortices, but whether the trajectories of the second type of vortices wind around the trajectories of the first type of vortices, because these two trajectories are the inverse images of the south and the north poles, respectively. Thus, the linking number of these trajectories, as we shown in Fig. 2(c-d) , determines the Chern number.
For the Haldane model, it can be shown that, if the initial state uniformly points to the north pole, once the second type vortices appear, their trajectories always wind around K or K points [28] . However, if the initial state spreads a finite regime around the north pole, as in the case of the real experiment, there exists certain regime where the second type of vortices appear but their trajectory enclose neither K nor K [28] . In these regime, the final Hamiltonian is still topological trivial. Nevertheless, if one uses the appearance of vortices as the criterion, it overdetermines the topological nontrivial regime.
To summary, as a direct application of our theory, applying our scheme to analyze the momentum resolved quantum state tomography data obtained by the Hamburg group, one can precisely determine the phase boundary of the topological transition of the static Hamiltonian from this dynamical quench process. Our results can also be applied to other realizations of the Haldane-like models [4, 5] .
